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Abstract
Decaying rate of a quantum system investigated using the Fubini-
Study definition of distance between states.
1 Introduction
In Dirac notation a pure state |ψ(t)〉 can be written in an N complex dimen-
sional vector space
|ψ〉 =
N∑
i=1
zi|i〉, (1)
where |i〉 belongs to a given orthonormal basis and zi’s are complex numbers.
In quantum mechanics, states differ only by an overall complex factor α are
equivalent
~z = (z1, z2, · · · , zn) ∼ α(z1, z2, · · · , zn), α ∈ C. (2)
This recent relation is an equivalence relation on CN and the set of equiv-
alence classes [~z] is by definition the projective space CPN . The complex
numbers in (2) are known as homogeneous coordinates.
there is a natural notion of distance on CPN called the Fubini-Study[1] dis-
tance or metric. The distance x between two pure states |ψ1〉 and |ψ2〉
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according to Fubini-Study is given by
cos2(x) =
|〈ψ1|ψ2〉|
2
〈ψ1|ψ1〉〈ψ2|ψ2〉
=
|~z1 · ~z2|
2
~z1 · ~z1 ~z2 · ~z2
. (3)
where
|ψ1〉 =
N∑
i=1
z1i|i〉,
|ψ2〉 =
N∑
i=1
z2i|i〉, (4)
and ~z1 ≡ (z11, z12, · · · , z1N), ~z2 ≡ (z21, z22, · · · , z2N ) ∈ C
N .
2 Decaying rate of a quantum state
Let |ψ(0)〉 be the initial state of an arbitrary quantum system descibed by a
Hamiltonian Hˆ, using (5), we want to find the distance between the initial
state |ψ(0)〉 and the final stste |ψ(t)〉 of the system during the time evolution
under Hamiltonian Hˆ. For this purpose we find the infinitesimal form of
the equation (1). Let the normalized state in time t be |ψ(t)〉 then for an
infinitesimal evolution
|ψ(t+ dt)〉 = (1−
i
~
dtHˆ)|ψ(t)〉,
= |ψ(t)〉 −
i
~
dtHˆ|ψ(t)〉, (5)
so
〈ψ(t)|ψ(t+ dt)〉 = 1−
i
~
dt〈ψ(t)|Hˆ|ψ(t)〉. (6)
From (5) and the assumption 〈ψ(t)|ψ(t)〉 = 1, we have
〈ψ(t+ dt)|ψ(t+ dt)〉 = (〈ψ(t)|+
i
~
dt〈ψ(t)|Hˆ)(|ψ(t)〉 −
i
~
dtHˆ|ψ(t)〉),
= 1 +
(dt)2
~2
〈ψ(t)|Hˆ2|ψ(t)〉, (7)
2
now from (6) and (7) we find the infinitesimal form of (1)
dx =
dt
~
(△Hˆ)ψ, (8)
where (△Hˆ)ψ =
√
〈ψ(t)|Hˆ2|ψ(t)〉 − (〈ψ(t)|Hˆ|ψ(t)〉)2, is the uncertainty of
energy in state |ψ(t)〉 and is time-independent for a time-independent Hamil-
tonian. According to (8), the velocity of decaying vd of the state |ψ(t)〉, can
be defined as
vd =
(△Hˆ)ψ
~
. (9)
The decaying rate of a state |ψ(t)〉, can be defined via survival amplitude at
time t given by [2]
At = 〈ψ(0)|ψ(t)〉, (10)
the survival probability is |At|
2.
Using (1) and it’s infinitesimal form (8), it is straightforward to show
|At| = cos(
∫ t
0
(△Hˆ)ψ
~
dt), (11)
when the system is closed, ( time-independent Hˆ), (11) becomes
|At| = cos(
t(△Hˆ)ψ
~
), (12)
which can be compared with the Mandelstam-Tamm inequality [2]
|At| ≥ cos(
t(△Hˆ)ψ
~
). (13)
So during the evolution of a closed system, the survival probability of the
state |ψ(t)〉, takes it’s minimum value in any instant of time.
Decaing rate w of a state |ψ(t)〉, can be defined as
w =
d
dt
(1− |At|
2), (14)
so for |At| given by (11), we have
w = sin(
∫ t
0
2(△Hˆ)ψ
~
dt)
(△Hˆ)ψ
~
, (15)
and for a closed system
w = sin(
2t(△Hˆ)ψ
~
)
(△Hˆ)ψ
~
. (16)
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